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Abstract

This paper demonstrates oscillations in the econgmdwth model with
endogenous population growth and physical and hugapital accumulation
proposed by Zhang (2014). This study generalizesghk model by treating all
the time-independent parameters as time-dependeateters. The model is a
synthesis of the Solow growth model, Uzawa-Lucasstgtor model, and the
Haavelmo population model and the Barro-Beckerilitgrichoice model. The
model studies the dynamic interdependence betwaauigtion change, wealth
accumulation, and human capital accumulation. Waukite the model to
demonstrate existence of business cycles underetiffperiodic shocks.

Keywords: economic oscillations; propensity to have childrdryman
capital; endogenous population

JEL Classification: Eys, Ou7

1. Introduction

Modern economies are characterized of volatile gbaim association with fast
capital accumulation, widely spread education asid &ccumulated human capital,
and population dynamics. In many parts of the wifédexpectancy has increased
dramatically. To explain the economic mechanisngsdymamic phenomena of these
changes, this study builds a dynamic model to sinthractions between wealth
accumulation, human capital accumulation, and m@joul dynamics with
endogenous birth rate and mortality rate. This ystigd mainly concerned with
demonstrating economic fluctuations under diffeexdgenous shocks. There are a
lot of theoretical and empirical research about haaisms and phenomena of
economic fluctuations. (Lucas, 1977; Zhang, 1990052 2006; Chatterjee and
Ravikumar, 1992; Gabaix, 2011; Giovanni, et al. £2(8tella, 2015). Nevertheless,
there are only a few theoretical models which iderfiluctuations due to dynamic
interdependence between economic growth, humantataptcumulation and
population change. This study attempts to idemiiignomic fluctuations.

The model by Zhang (2014) is based on some wellvknmodels in the
literature of economic growth and population dyresmiThe neoclassical growth
theory based on the Solow growth model is mainlgceoned with endogenous
physical capital (Solow, 1956; Burmeister and DphEd70; Azariadis 1993; and
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Barro and Sala-i-Martin, 1995). This study follothe traditional neoclassical growth
theory in modelling economic production and physicapital accumulation. In
Modelling behaviour of the household, we base onalernative approach to
determining behaviour of households proposed by @l{4993). In modelling human
capital we follow Uzawa (1965) and Lucas (1988}Yhaiigh economists have made
great efforts in building growth models with endoges human capital and physical
capital with microeconomic foundations (Joeesl. 1993; Stokey and Rebelo, 1995;
de la Croix and Licandro, 1999; Mino, 1996; Lagkr003; Alonso-Carrera and
Freire-Sere, 2004; Galor, 2005; De Hek, 2005; eambSand Tomoda, 2010), only a
few studies deal with human and physical accunaratiith endogenous population
with microeconomic foundations within comprehensaralytical frameworks. The
population change consists of dynamics of birth deth. Many factors may interact
with changes in fertility (Barro and Becker, 19&%alor and Weil, 1996; Doepke
2004; Adsera, 2005; Bosi and Seegmuller, 2012; kockWeil, 2012; and Chat al.
2013). , the quality-quantity trade-off on childreas been treated as a factor which
affects the transition of economies from a stagstafination to perpetual growth.
There are close relations between economic developand mortality rate (Schultz,
1993, 1998; Robinson and Srinivasan, 1997; Bouoeldtial, 2002; Blackburn and
Cipriani, 2002; Chakraborty, 2004; Hazan and Zoab6; Fanti and Gori, 2011,
Balestra and Dottori, 2012; Lancia and Prarolo220As explained in Zhang (2014),
the model in this study is influenced by these asgees on birth rate and mortality
rate. The population dynamics is specially basethe Haavelmo (1954) population
model and the Barro-Becker fertility choice moddie paper is organized as follows.
Section 2 introduces the basic model with wealttuamilation and human capital
accumulation. Section 3 simulates the model. Secfiocarries out comparative
dynamic analysis with regard to oscillations ingpaeters. Section 5 concludes the
study.

2. The basic model

The economy consists of one production sector aededucation sector. Most
aspects of the production sector are similar tosthedard one-sector growth model.
The economy produces only one (durable) good. lietdhe commodity to serve as
numeraire. All the other prices being measurediveldo the numeraire, households
own assets of the economy and distribute theirmesto consumption, education
child bearing, and wealth accumulation. The pradactectors or firms use physical
capital and labour as inputs. Exchanges take jtaperfectly competitive markets.
Factor markets work well; factors are inelasticallypplied and the available factors
are fully utilized at every moment. Saving is umdeen only by households. All
earnings of firms are distributed in the form ofp&nts to the factors of production.
We assume a homogenous populatN(t) at time. LetT(t) and Te(t) represent
for, respectively, the work time and study timetla# representative household. The
total work time isT(t) N(t). We useH (t) to stand for the level of human capital of

the population. The total qualified labour force is
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N(t) =T H™(EN(). (1)

where the parametem(t), describes how effectively the population uses huma
capital in timet. The labour force is distributed between the twad®s. We assume
that wage rates are identical between professidmes.total capital stock of physical
capital, K(t), is allocated between the two sectors. We use sptsse andi to
stand for the education and industrial sector,e&sely. We useN (t) and K (t)

to stand for the labour force and capital stockpleyed by sectorj. The assumption
of full employment of labour and capital implies

Ki(t) + K. (t) = K(t), N;(t) + N (t) = N(t). @)

Equations (1) can be expressed as

n (t)k (t) + n.(t)k.(t) = k(t). n(t) + n(t) =1, 3)
in which

The industrial sector
The production function is

Fl)=AKTONE). Al alt) B0)>0, al)+BH)=1 @

where A(t), a, (t) and 3 (t) are positive parameters. The rate of intene@,, and

wage rate per unit work time (of the qualified labo W(t),are determined by
markets. The marginal conditions for the induss@dtor are

0+ 0= 20 <0050, 0200 <4005 0.0

S0 '

where 9, (t) is the fixed depreciation rate of physical capital
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The education sector
Following Zhang (2014), we consider the educatitia perfect competition.

Let p(t) stand for the student’s fee per unit in time. Ppheduction function of the
education sector is a function Kfe(t) and Ne(t)

F(t) = AQKEVONEOR), a.lt) A1) >0, a.lt) + A1) =1 ©
where A (t), a,(t) and 5,(t) are positive parameters. The marginal conditioes a
r(t) + o.t) = a. () Al) p)O(1), wit) = B()AL) Pl)kVE). @

The demand for and supply of education balancasyapoint in time
TN() = F.(t). ©)
whereT, (t) N(t) stand for the total education service.

Human capital dynamics
Following the Uzawa-Lucas model (Uzawa, 1965, Lud#88) and Zhang
(2014), we propose the following human capital ayica

1) < ORI OHOOTONOM

) = TN 5OH0), ®
where g, (t) (> 0) is the depreciation rate of human capitalt), a,(t), andb,(t),
are non-negative parameters. The sign of the p&eamg(t) is not specified as it

may be either negative or positive. The tewpF.* (H mTeN)be /H™N, describes
the contribution to human capital improvement thioweducation. Human capital
tends to increase with an increase in the levaddoication servicef,, and in the

(qualified) total study timeH "T_N .

Consumer behaviours
Consumers decide the time of education, consumpéieal of commodity,
number of children, and amount of saving. We usealt@rnative approach to

household proposed by Zhang (1993). Let per catdth be represented tb_§(t)
where IZ(t) = K(t)/ N(t). By the definitions, we have

k(t) = k({t)T{E)HO(t).
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Per capita current income from the interest payraedithe wage payment is

y(t) = r (k1) + T(t)wlt).

The disposable income per head is given by

9(t) = y(t) + k(t)

Let n(t) andpn(t) stand for the birth rate and the cost of birthirae. This

study assumes that children will have the samd t#wealth as that of the parent.
The cost of the parent is

pa (t) = n(t)k(t).

Here, we neglect other costs such as time spenhitiiren and purchases of
goods and services (Becker, 1981; Barro and Be@e&9; Wanget al 1994; and
Yip and Zhang, 1997). The household distributestdkad available budget between

saving, S(t), consumption of goodsc(t), education,Te(t), and bearing children,
n(t). The budget constraint is

ct) + st) + p(t)T,(t) + k(t)n(t) = @+ r(t)k(t) + T(t)w). (10)
The consumer is faced with the following time comist
T(t)+ T.() =T, (11)

whereT, is the total available time for work and studysdrt (11) in (10)

oft) + slt) + T () + k(t)n(t) = ¥(t) = @+ r(Ok () + Towlt). @)

where [_)(t) = p(t) + vv(t) (which is the opportunity cost of education). AsBarro

and Becker (1989), this study considers the pdratilisy dependent on the number
of children. The utility function is specified aglbws

U(t) = YR IETIOWN O ), 13)
where Eo(t) is called the propensity to consumlg,(t) the propensity to own wealth,
o (t) the propensity to receive education, aa@(t) the propensity to have children.
The marginal conditions for maximizidg(t) subject to (12) are
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The birth and mortality rates and the population dynamics
The population dynamics is

N(t) = (n(t) - d(E)N(E), (15)

where n(t) and d(t) are respectively the birth rate and mortality .rétteshould be
noted that Tournemaine and Luangaram (2012) cansidetality rate constant and
specify the following technology of production dfildren: n(t) = bTbg(t), where

T, (t) is the time of rearing children arfdl and & are parameters. Equation (14)
determines the birth rate as

_ u(t)y(t)

t) = —< . 16
n(t) <) (16)
The mortality rate is taken on the following eqoati

olt)
t) = — 17

where U(t)z 0, a(t)z 0, and b(t)z 0. We call U(t) the mortality rate

parameter. The equation implies that the mortaéitg is negatively related to the
disposable income and the level of human capitalmF(16), (17) and (15) it is
straightforward to get

(18
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Wealth dynamics
According to the definition ofs(t), the change in the household’s wealth is

k(t) = s{t) - k(t). (19)

We have thus built the dynamic model. The modehase robust than Zhang
(2014) in that the parameters in this study areedii@pendent. We now examine
dynamics of the model.

3. The dynamics and its properties

Although the model contains dynamic interactionsvben population change,
wealth accumulation and human capital dynamics, ne& show that we use
computer simulation to follow the motion of the dymc system. Below we are
providing a computational procedure to plot theiomobf the economic system. We
introduce a new variable

At) = r(t)+ o,

w)

The following lemma shows that the dynamics caeXmessed by the three-
dimensional differential equations system Wizlﬁt), N(t), and H(t) as the
variables.

Lemma
The dynamics of the economic system is governethéythree dimensional
differential equations

), (20)

Whereflz, £~2N, and £~2H are functions ofz(t), N(t), H(t), andt defined in the
Appendix. Moreover, all the other variables areedeined as functions oz(t),
N(t), andH(t) at any point in time by the following procedute(t) = &, / z(t)
— k(t) by 42 » plt) by (A3) - r(t) and wt) by (5) —
p(t) = p(t) + w(t) — Kk(t) by (A12)— T(t) by (A7) - T,(t) by (1) ¥(t) by
(A5) — c(t), s(t), andn(t) by (14)— n(t) andn,(t) by (A4)— N(t) by (A1)
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- N()=ntNE) — N)=ntNt) - K)=kONE -
K(t) = k()N.(t) — F.(t) by @— F.(t) by (6).

As the expressions are too complicated, we simuteemodel to illustrate
the behaviour of the system. In the reminder of #$ection we summarize the
simulation results in Zhang (2014) when all theapaaters are time-independent.
The next section simulates the motion when the meaters are exogenously

oscillatory. We specifyd, = 005, J, = 005, and T, =1. The requirement
T, =1 will not affect our analysis. The depreciationeratf physical capital is

often fixed around005 in economic studies. As shown by Stokey and Rebelo
(1995), the depreciation rate of human capitake@&sonably valued within a range

between 003 and 008 for the US economy. The other parameter value$aen
on

al':(_'BS %2045 )b:(]?, 50:0@ %:CDJ_%:QZ A|‘:1'27 Aé:lz,

m=08 =13 =02 =01 £=-01 a=03 b=01, 0=06. (1)

The propensity to save .7 and the propensity to receive education is
001 The propensity to consume goods(€)8.The technological parameters of

the two sectors are specified & = A, = 1.2. The conditiongz, = — 0.1means

that the learning by education exhibits decreagfigcts in human capital. The
human capital utilization efficiency i8.8. The initial conditions are specified as

2(0) = 03, N(0)= 27, H(0)= 4.

The simulation result is plotted in Figure 1.
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Figure 1.The Motion of the Economic System
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We observe that the variables tend to become stagoover time. The
simulation demonstrates that the dynamic systemahasique equilibrium point.
The equilibrium values of the variables are

N =304, H = 434, K =1565 N =947, N, = 940, N, = 0067,
K, =1%48 K, =017 k =165 k., =250 F =1#3 F, =012 n=d= 0286
k=165 r= 0234, p=102, w= 093 k=514, T =096, c= 059.

We calculate the three eigenvalues021, - 008, and —004. As the
three eigenvalues are real and negative, the uréqudibrium is locally stable.
Hence, the system always approaches its equilibifurh is not far from the
equilibrium.

4. Comparative dynamic analysis in some parameters bgimulation

Zhang (2014) shows how the system reacts to a fon@dt change in
parameters. This section shows how the systemsréatime-dependent changes in
parameters. For convenience we consider the pagesmiet (21) as the long-term
average values. We make small perturbations arthes® long-term values. In this

study we use\X j (t) to stand for the change rate of the variaK]Iét) due to changes
in a parameter value.

Oscillations in the mortality rate parameter
We now examine the case that the mortality rat@rpeter is oscillated as
follows

o(t) = 06 + 004sin(t).

The simulation results are plotted in Figure 2. ©keillations in the mortality
rate parameter causes fluctuations in the deagharat have little impact on the birth
rate. The population, total labour force and thaltphysical capital fluctuate. The
output levels of the two sectors and the levelsaaf inputs of the two sectors are
oscillatory with small amplitudes. We see that e of interest, wage rate, human
capital, wealth, work time and consumption are ajsaillatory with negligible
amplitudes.
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Figure 2.0Oscillations in the Mortality Rate Parameter

Oscillations in the output elasticity of the industial sector’s capital input
We now study what happens in the economy if th@uiuelasticity of the
industrial sector’s capital input experiences tiling fluctuations

a(t) = 035+ 001sin(t).

Different from the effects caused by oscillations the mortality rate
parameter, the oscillations in the output elasticduses fluctuations in the rate of
the interest, the price of education, wage ratealthe distribution, and
consumption level. The population, total labourc&rthe total physical capital, and
the two sectors’ output and input levels fluctusith negligible amplitudes.
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Figure 3.Oscillations in the Output Elasticity of the IndistSector's Capital Input
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Oscillations in the propensity to save
We now study the impact of the following fluctuaisoin the propensity to save

A(t) = 07 + 002sin(t).

All the variables fluctuate around their long-tetr@nds. Both human capital
and wealth fluctuate with negligible amplitudes.
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Figure 4.0scillations in the Propensity to Save

Oscillations in the mortality rate elasticity becase of disposable income

We now examine how strongly the disposable incorag affect population
growth. We consider the following fluctuations retmortality rate elasticity because
of disposable income

a(t) = 03+ 002sin(t).

The effects on the economic system are similarh® dffects caused by
oscillations in the mortality rate parameter. Tleattl rate experiences fluctuations
and the impact on the birth rate is negligible. Pogulation, total labour force and
the total physical capital fluctuate. The outpwels of the two sectors and the levels
of two inputs of the two sectors are oscillatoryivegmall amplitudes. We see that the
rate of interest, wage rate, human capital, wealtlk time and consumption are also
oscillatory with negligible amplitudes.
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Figure 5.0scillations in the Mortality Rate Elasticity becauof Disposable Income

Oscillations in the propensity to receive education
We consider the following fluctuations in the propiy to receive education

17,(t) = 001+ 000in(t).

The fluctuations in the propensity to receive etlanacause oscillations in the
time distribution. The birth rate is largely osaitd. The education sector’s output and
two inputs experience oscillations with large atoples. The amplitude of the
oscillations in the death rate is negligible. Tigydation, total labour force and the
total physical capital fluctuate with small amplies. We see that the rate of interest,
wage rate, human capital, wealth, and consumptierakso oscillatory with small
amplitudes.
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Figure 6.0scillations in the Propensity to Receive Education
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Concluding Remarks

This paper was concerned with existence of busimesdlations in the
economic growth model with endogenous populatiawvgr and physical and human
capital accumulation proposed by Zhang (2014). Hwgly generalized Zhang's
model by treating all the time-independent parareeds time-dependent parameters.
The model is a synthesis of the Solow growth mddedwa-Lucas two-sector model,
and the Haavelmo population model and the Barrd@efertility choice model. The
model studies the dynamic interdependence betweguilgiion change, wealth
accumulation, and human capital accumulation. Wmulsited the model to
demonstrate existence of business cycles undereitf periodic shocks.

Appendix: Proving the Lemma

We now confirm the lemma. In the appendix we ornitet in expressions
when there is no confusion. By (5) and (7), we iobta

r+5k:ﬂ:_e, (A1)
w k Kk

z

whered; = a,/ 3. From (A1) we have

k.=ak, (A2)

where a =a, B /a, [, (#1 assumed). From (5), we determime and W as
functions ofk,. From (A2), (5) and (7), we obtain

p=LBk’, (A3)
where
_afa A
B, = TaA B=B.-B

We determinep as a function ok;. As k; =@, /z, we determinek;, k.,
p, r, w, andp as functions ofz.
From (A1) and (1), we solve the labour distributianfunctions ok, andk

_ak -k o _k-k Ad

e C_?'kl

N

i a k|
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where@ = a - 1 Insert (2) andk = KT H™ in the definition ofy in (12)
Y=+ r)kTH™ + T,w. (A5)
From PT, =7V in (14) and (A5), we have
PT.= @+ r)7kTH™ + 7T, w. (A6)

From (11) and (A6), we have

(L+r)7kH™ + P

Insert (A7) in (1)

N(k,z,N,H):(T)_”W)H NTo (A8)

(1+ r)/7k H™+p

From (8) and (6), we have

T.=ATn H"kE. (A9)

From (A9) and (11), we have

T= To —. (A10)
1+ An H™k"

From (A7) and (A10), we solve

o =[L+r)nkH"+p I (A11)

p-nw AH kK

From (A4) and (Al11), we solve

Wz, N, H,t):[pr;kge LW j{Aikg ) (F_)1+ r)q_lH-m.(Alz)

p-nw)| ak -nw
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We determine all the variables as functionsz ) N(t), H (t) andt at
any point in time by the following procedurk: = . / z by (Al)— k_ by (A2)—
p by (A3)— r andw by (5)—» p=p+w — Kk by(Al2)— T by (A7)—
T, by (11)— y by (A5)— c, s, andn by (14)— n andn, by (A4)— N by
(A1) > N.=nN - N, =nN - K, =k N, - K_=k N, —» F by (4)—

F. by (6).
From this procedure, (9) and (18), it is straightfard to show that the

motion of human capital and the population canXessed as function ft)
N(t), H(t), andt at any point in time

(A13)

We now show that change iz(t) can also be expressed as a differential
equation in terms ofz(t), N(t), H(t), andt. From (19), we have

k=0Q,(z,N,H,t)= Ay -Kk. (AL4)

Taking derivatives ok = KT H™ with respect to time, we have

10k , 10T [1ak 1aTj [16k 16Tj [16k 10T mj~
- z+ Q, + Q,,

kot Tat kdz Toz koN ToN koH ToH H

k_
k
(A15)

where we also use (A13). From (Al14) and (A15), olees

-1
~ 10k 10T
=Q,(z,N, H. t)E(kaZ TEJ

{&_lﬁ_ia_T (1 ok 16Tj§~2N (1 ok 19T , m]ﬁ”}'

k kot T ot kdN TOJN koH ToH H

(A16)
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The three differential equations (A13) and (Al6ntean three variables
z(t), N(t), andH (t) We thus proved the lemma.
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