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Abstract:

In this paper, the method of Lagrange multipliers is used to investigate the
utility function; subject to two constraints: budget constraint, and coupon
constraint, and to verify that the utility is maximized. An economic model of an
emerging firm has been developed here by considering four commodity
variables. In the study, the determinant of the 6x6 bordered Hessian matrix is
operated to verify the utility maximization. Two LaGrange multipliers are used
here, as devices of optimization procedures, during the mathematical
calculation. In this article, an attempt has been taken to achieve optimal
results by the application of scientific methods of optimization.
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1. Introduction

At present mathematical modeling in economics is an essential part; especially
during the investigation of optimization policy [Samuelson, 1947; Carter, 2001].
The concept of utility was developed in the late 18" century by the English moral
philosopher Jeremy Bentham (1748-1832) and English philosopher John Stuart
Mill (1806-1873) [Bentham, 1780; Gauthier, 1975; Read, 2004]. The property of a
commodity that enables us to satisfy human wants is called utility [Bentham, 1780;
Mohajan & Mohajan, 2022a, b]. Individuals seek to obtain the highest level of
satisfaction from their purchasing goods [Stigler, 1950; Kirsh, 2017]. In society,
utility directly influences the demand and supply of the firms [Fishburn, 1970].

In multivariate calculus, Lagrange multipliers method is a very useful and
powerful technique, which transforms a constrained problem to a higher
dimensional unconstrained problem [Islam et al., 2009a, b, Mohajan, 2021 b,c]. To
increase the utility of the consumers we have included a coupon system among the
consumers. The individuals in the society can buy coupons with a stipulated price
and buy the essential commodities on priority basis [Islam et al., 2010, 2011;
Moscati, 2013; Mohajan & Mohajan, 2022b]. In society, utility maximization is a
blessing both for humankind and the firm; as it provides maximum profit to the
firms and in parallel increases welfare of the society [Eaton & Lipsey, 1975].

In this study, we have included four commodity variables to analyze the
optimization techniques. We have operated the study with the determinant of 6x6
Hessian matrix, where four commodity variables, their corresponding four price
vectors and four types of coupon number system are applied. In the analysis we
have considered two commodities are of unit amount, and later we have considered
four commodities are of unit amount. Finally, we have considered that prices and
number of coupons of a pair of commodities are same, and ultimately we have
proved that utility is maximized [Mohajan, 2021a].

2. Literature Review

Two American economists John V. Baxley and John C. Moorhouse have
discussed the utility maximization method through the mathematical formulation,
where they have introduced an explicit example of optimization [Baxley &
Moorhouse, 1984]. Qi Zhao and his coauthors have proposed multi-product utility
maximization as a general approach to the recommendation driven by economic
principles [Zhao et al., 2017].

Pahlaj Moolio and his coauthors have used a Lagrange multiplier to form and
improve economic models. They have also taken attempts to develop and solve
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optimization problems [Moolio et al., 2009]. Well-known mathematician Jamal
Nazrul Islam and his coauthors have discussed utility maximization and other
optimization problems by considering reasonable interpretation of the Lagrange
multipliers. In their studies they have examined the behavior of the
firm/organizations by analyzing comparative static results [Islam et al., 2009a, b,
2010, 2011]. Lia Roy and her coworkers have discussed cost minimization policy
of an industry with detailed mathematical formulation [Roy et al., 2021].

Two authors Jannatul Ferdous and Haradhan Kumar Mohajan have tried to
calculate a profit maximization problem from sale items of an industry [Ferdous &
Mohajan, 2022]. Devajit Mohajan and Haradhan Kumar Mohajan have consulted
on profit maximization problem. They have used four variable inputs, such as
capital, labor, principal raw materials, and other inputs in an industry [Mohajan &
Mohajan, 2022a]. They have also discussed the utility maximization of an
organization by considering two constraints: budget constraint and coupon
constraint [Mohajan & Mohajan, 2022b].

Earlier, Haradhan Kumar Mohajan has used three inputs, such as capital, labor
and other inputs for the sustainable production of a factory of Bangladesh
[Mohajan, 2021b]. He also discussed the utility maximization of Bangladeshi
consumers, where he has followed the optimization techniques [Mohajan, 2021a].
He and his coauthors have scrutinized optimization problems for social welfare
[Mohajan et al., 2013].

3. Methodology of the Study
Methodology in any creative research is organized and meaningful procedural
works that follow scientific methods efficiently [Kothari, 2008]. In this study, we

have considered two Lagrange multipliers 4, and 4, ; and have applied the

determinant of 6x6 Hessian matrix [Mohajan, 2022a, b]. In this study, we have
considered an economic world where there are only four commodities. We started
our study with a 4-dimensional constrained problem, and later we added two
Lagrange multipliers. Then the Lagrangian function becomes a 6-dimensional
unconstrained problem that maximizes utility function [Mohajan, 2017a, 2022b].
To prepare this paper, we have followed both qualitative and quantitative
research approaches [Mohajan, 2018, 2020]. We have tried our best to maintain the
reliability and validity, and also have tried to cite references properly both in the
text and reference list [Mohajan, 2017b, 2020]. In this paper, we have depended on
the secondary data sources for optimization. We have taken help from the
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published journal articles, printed books of famous authors, conference papers,
internet, websites, etc. [Mohajan, 2018, 2022c].

4. Objective of the Study

The core objective of this study is to verify the utility maximization policy of an
emerging firm. The other trivial objectives are as follows:

e to expand the determinant of bordered Hessian matrix properly, and

e to provide mathematical calculations accurately.

5. An Economic Model
We consider four commodities of a firm as: X, X,, X;, and X, [Mohajan
& Mohajan, 2022b]. Let a consumer wants to buy only &,, «,, @;, and a,

amounts from these four commodities. In this model, we consider that the
consumer spends all of his/her income to purchase these four commodities, and
also submits all of his/her coupons. Let us consider a utility function as follows
[Islam et al., 2010; Mohajan & Mohajan, 2022b]:

u(al,az,a3,a4): oa,a,a, . (1)

The budget constraint of the consumer is [Moolio et al., 2009],

B=pa +p,a, + psa; + Py (2)
where P;, P,, P;, and P, are the prices (in dollars) of per unit of commodity of
X,, X,, X5, and X,, respectively. Now the coupon constraint is [Roy et al.,
2021; Ferdous & Mohajan, 2022],

K=cgq, +C,a, +Ca; +C,a, 3)
where C,, C,, C,, and C, are the coupons necessary to buy a unit of commodity
of o, a,, a;,and a,, respectively.

Using utility function from (2) and (3) in (1) we get Lagrangian function
[Mohajan & Mohajan, 2022b],

V(al’azaa3aa4sﬂ1sﬂz): 0,00, + 21(B — P~ P, — Py — p4a4)
+ ﬂ,z(K -C,a, —Ca, —Ca; — C4a4) 4)
where A, and A, Lagrangian multipliers. Lagrangian function (4) is
a 6-dimensional unconstrained problem that maximizes utility function. Using the
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necessary conditions of multivariate calculus for maximization in equation (4) we
yield [Islam et al., 2011; Mohajan, 2021a];

v, =B-pa, -p,a,-pa; - p,a, =0, (52)
v, =K-¢a -¢a,-Ca;-Ca, =0, (5b)
Vi =050 — 1Py — 1,C =0, (5¢)
V, =050 = iy Py — 1,0, =0, (5d)
V; = a0, — 4Py — #,C; =0, and (5¢)
V, =050 = 14 Py — 1,C, = 0. (59)

Using equations (1) to (5a-f) we can express «,, &,, &, and @, as follows
[Mohajan & Mohajan, 2022b]:
= Bc, —Cp, + C;P, =GP, a, + CyP, =Gy Py a
CZ p1+Cl p2 CZ p1+Cl p2 CZ p1+Cl p2
— Cp1 _Bcl _ Cp; +Gp a, _C1p4+c4p1
CZpl+Cl p2 CZpl+C1p2 C2p1+cl p2
where C,p, +C,p, #0.

For the simplicity let, a; = ¢, =1, i.e., these commodities have one unit each;

(6)

a, (7

the amount of other two commodities can be accounted as;

— (03+C4_K)pz+(B_ P;— p4)cz

2 ; (8)
CP +GD,

azz—(C3+C4—K)p1—(B+p3+p4)C1' (9)
G0 +G P,

Since «, and «, are number of commodities, so that they are of course
positive. Equation (6) indicates that &, >0, if ¢; +¢, > K and B> p,+ p,. On
the other hand, equation (7) indicates that «, >0 , if K>c,+cC, and

(K _C3_C4)p1 >(B+ p; + p4)C1-
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Multiplying (8) and (9) we get;
a0, = _(K -G _C4)2 PP, — {82 _(pa + p4)2 }CICZ
(c,p +cp, )
ABeup +epa)+ (s + P )EiP, — Py )} (10)

(K -G —C, )_1

Since ¢, and ¢, are positive, and their product &, is also positive. Equation
(10) indicates thatC, +C, > K and B > p, + p,. Equations (8) to (10) show that
c,+C,>K and B> p,+ p, in our economic model for ¢, >0, &, >0, and
a0, >0.

Now taking second order and cross-partial derivatives in (5a-f) we obtain;

Bl =P, B2: pzaB3 = Ps, B4: Py

K,=¢, K,=c,,K,=c,, K, =c,. (11)

Vi, =0, v, =V, =, V5=V =a,a,,

Vig =V =05, Vy, =0, vy =V;, =0y,

Vo =Vyo = 3, V33 =0, V3 =Vs =@y, Vy =0. (12)

Now we consider the bordered Hessian [Roy et al., 2021; Mohajan & Mohajan,
2022a],

0O 0 -B -B, -B -B,
0 0 -K -K, -K, —-K,
U B R
2 2 21 2 23 24
- B3 - K3 V3 Vi, Vs Viy
-B, -K, v, v, Vv, vV,

In our model, the number of constraints is two and commodity variables are
four. For utility to be maximized, the determinant of the 6x6 Hssian matrix must be

negative, i.e., |H | < 0. Now taking the expansion of (13) we get [Islam et al., 2010;
Mohajan & Mohajan, 2022a],

297



Annals of Spiru Haret University.

Economic Series
Since 2000

ISSN-L:2068-6900

[Ts]
@
~
)
o«
o
©
9
=
1]
@

Issue 4/2022

<t
X = 3 I =
R
3 2
s} N Q2 o)
_ > > > V4
™ ~ N ~
e — N 1 Q
_ > > > 5
el (] N <
o X v v ¥
Lo
S dod ot o
| | | |
e
|
Il
I

<
+ &
V_AV1V2V3VM
KZM.I/.HQZ
_VVVV4
KIHNNI
_VVVV4
1234
OK_V_AKK
[
— o on <
o MM M Mm
| T
B3
|
< + Y <
F a «@
vﬂVVVVV_AVszVan
A B T R~ B
_VVVV4_VVVV4
S S 8 s 3 = 8 = 3
V_AVVVV_VVVV4
—~ S Ut 1234
OK_V_AV_AV_AOV_AK_KK
[
— o n <t — o n <
ocod M MM ood MMM
| [
o' o
+ +

= 3 3 3
> > > >
~ N N I
= s S
— N o <
Y X ¥ A
| | | |
— o o <t
0 m o m
| | | |
on
X
L_I
= <
<+ o~ o <
= = > F
2o} e} A [}
S
e o ) <t
¥ X Vv
L
— o~ o <t
M N MM m
| | | |
o
4
|
[\|\
n_u1

e o o <t
X X v
b
0 o o o
| | | |
%
(|J\||\
82
l_l
—
Vn VB =" V@
S S

T D 3
Y X ¥ X
| | | |
O o od o
| | | |
K4

298



Since 2000

Annals of Spiru Haret University.
Economic Series

P

ISSN-L:2068-6900

ISSN:2393-1795

Issue 4/2022

Vll

V21

V31

e——
o @ o ]
= s X S
VH V2 V3 V4
— > e <
v X ¥ ¥
|
| | |
— o [sal N
M M M Mm
| | | |
<
X

Vy

3 M X — o™ o
e
. = & F Sy o @
Vl V2 = > = V2 V3 V4
— o o < K.I. K2 o h
— & e <
- = = > =
' X = & =
+ | = V2 V3 V4
/I|)\||\
<
B — N o <
- X X X
| | | I
- & e
N N M M
% 3 | | | |
> > > J "
> X
a4 Q
o~ IN] Q I N A =
NN - I
> > > >
K_ K_ K_ A = > = O < ~
|
—_ o o < — A o <
Bl BZ B3 B4 K K K K K K K K
I
— - N o < — N e« %
v N MO0 N 00N MM
_ | | | | | | | |
Ven < ~
om X A’
| +

57 3
(o] o
N AN
| | |
S
N m M
| | |
@
>
+
<
V2 VM VM
VB VB VM
S o
Mn m o
| | |
\'d
+
<
V2 VM VM
VB VB VM
[\l o <
Y ¥ X
| | |
o
|
/J\|\
~
X
m

<~ < e
VM V3 V4 V7. V3 V%
~ N I\ ~ N
Vﬂ V3 V4 V2 V3 V4
o [5al <
m g m X ¥ X
| | | | | |
X [as)}
+ |
rJ\|\
<
< S < v
V2 > V4 Bl
o +
Vn >’ Vm. —_—
N ~ I~
SN, SRS
| | | N
— - X X K4
3 | | [
o o [sal <t
< o' o o
=~ | | |
B <
| =
|
\|\J
o @« ol < M...
O > o VM >
o
o K <t o on <t
4 ¥ X ¥ X
[ T
o [sal <t o N <t
M MMM 0O M Mm
| | | | | |
S S
= =
| +



Since 2000

Annals of Spiru Haret University.
Economic Series

P

ISSN-L:2068-6900

ISSN:2393-1795

Issue 4/2022

V22

~K,
~K,
-K,

_82

— Vi3~ B3

- Kz Vo3

_82

V3 2

Vi

_B4

- K4 Vi3

_B4

— - & 3 =
V2 V3 V4 > 0> V4
o
X x ¥ X
Lo _
_ I I | | |
< =
Vl >
| +
-
— —_ — o [}
D R
o~ o <t g\ o <t
M N M MMM
| | | | | |
X X
+ +
N 3 < = <
on o - — =
V2 V% V4 V2 V3 V4
~ <« IS e <
¥ ¥ ¥ ¥ ¥ ¥
L [
o wa)
| |
\rJ\|\
— N
X \Vd
o o
m m
| +

o ()
S e IFF IFF IS e SF s
— —_ — IN] N Q < - fary — —_ — N I
= S S = =0 S > S S = s S S VH =
N gl N N P hl « e < ~ e <
b oo @ OE XXX v ¢
L — L e e R I A
X m o o o
+ _ _ _
(o] —
< K3 K4 X
o« [aa) <t
R VB < VM VM m o’ m
| + |
— — — o
3 < = VD VH =
e —)
IS ) < ~ < q Q IS = — —_ ~ = —
K_V_nv_n Y Y v >3y 55 Sy F
| | | N e
— < o [3a) o o
) o X ¥ v ¥ ¥ J X X J
_ _ A
,J\|\
,J\|\
< N o N2 ~ o <
2 m o0 m o o s m M m
K2 K3 | | | O o m [ | I
o aa) = L
[ + = = Vu
| > |
|
f——
@ e
(] Py fan) < <
> V V4 ﬂ N - V2 V3 A4.. < < ﬂ n M
> > > > VM.. V3 V4 > > >
N o < « - < K2 o <« — —
X ¥ X v v x X ¥ _ - 5 855
| | | [ | I | | | V2 > >
o o =t o o N2 [l o <t o o N o lal <
O 0N MO M MO0 N MO0 M NN Mm
| | | | | | | | | | | | | | |
< on o - -
= = = X X
_ _ + + +

300



Annals of Spiru Haret University.
Economic Series

Since 2000

ISSN:2393-1795 ISSN-L:2068-6900

Issue 4/2022
- Bz Vay Vo3 - Bz - Kz Va3 - Bz - Kz Vo,
+ K1 o B3 Vi Vi Vi~ B3 o K3 Vs —Vi3[— B3 - K3 Vi,
- B4 Vi Va3 - B4 - K4 Vi - B4 - K4 Vir
- Kz Vaor Vo - Bz Var Vs - Bz - Kz Vo
+ B4K2 - Bl - K3 Vi Vs + Kl - B3 Vi Vi —Vis|~ Ba - K3 V3
- K4 Var Va3 - B4 Var Va3 - B4 - K4 Var
- Kz Vo Vp - Bz Var Vp - Bz - Kz Vo
- B4K3 - B] - K3 Vi V| + K1 - B3 Vip V| =V~ B3 - K3 V3
- K4 Vi Vg - B4 Vo Vi - B4 - K4 Vai

=—BKV;, + B’K,K,V,.v;, + B'K,K,v,,v,, +B,B,K,K,vi, —B,B,K,K,v,.v,,
+ B,B,K,K,v,,v;,

~-B,B,K,K,vv,, +BB,Kv.,,, +BBK,K,yv.,yw,, —BBKKyv,.v,
-B,B,K,K,v,,v;, +B,B,K,K,v,v,, +BB,K,K,v,v,, —BBK,K,v,v,,
+B’K,K,v,,v,, —B’K2V;, + B K,K,v,,v,;, —BB,K K,v,v,, +BB,KK,\,,
-BB,K K,v,,v,, —-BB,K,K,v,v,, -BB,K,K,v,v,, —-BBK,K,v,V,,
+BB,Kv,v,, +BBKv,v, -BBKK,v,v,, —BBK,KV,,
+B,B,K,K,v,,V., +BK, K, V..V, +BK,K, V0V, —-BK}V3,
~-BB,K,K,v,,v,, -BBKK,v,, +BB,KK,v: +BB,KK,v,V,
~-B,B,K,K,v,v,, +BB,K;v,v,, —BB,KK,yv,v,, —BB,KK,V.,
+BB,K.v,,v,;,  +BB,K,K,v,v,, —BBKK,\vv,, +BBKK,\V,
~-B,B,K,K,v,,v,, -BB,KKv,v,, -BBKKyv,v, -BB,K;v.v,
+B,B,K,K,v,,v,; +B,B,K;v,,v,, +B,B,K,K,v,;v,, -BIK/vj,
+B,B,K/v,,v,,  +B,B,Kv,v,  +BiKK,v.v, —B,B,KK,yv,v,
~-B,B,K,K,v,v,, +B,B,KK,v,v,, +BKKyv,, -B,BKK,\v,v,
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+B,B,;K,K,v,v,, -B,B,K,K,v,,, -BBK,K,,v, -BB,K,Kyv,v,,
+BB,K;v,,v, -BB,K,K,v,v, +BKK\V,v, —B,BKK,yv,v,
~-B,B,K,K,v,,v, +B,B,KKyv,v, -B;K}v,  +B,BK,Kyv,v,
-B,B,K,K,v,v, +B,B,Kjv,v, -BB,K,K,v.,v, —BB,KK,v,V,
-BB,K,K,v,,v,, +BBKv,v, +BKKyv,y, —B,BKK,v,v,
+B,B,K,K,v,,V,, - B,B,K,K,V,,V, +BIK,K, vV, -BIKV,,
-B,B,K,K,vv, +B,BK,K,v, +B,BK;v,v, —B,BK,K,v,v,
~B,B,K,K,v,,v,, + B,B,K,K,v2, — B,B,K K, v,,v,, +B,B,K}V,,v,, —B KV,
+B,B,Kv,,v,, -B,BKK,v,v,, +B,B,KKyv,v, +BKK,\V,V,,
~-B,B,K,K,v,v,, +B,B,KKyv,v,, —B,BKK,\v,v,, +BKKyv,v,
-B,B,K,K,v,,v,;, +BB,KJv,v, —BBKK,\v,,, —BBK,KvV,,
+B,B,K,K,v,v,, —-B,BKK,v,v, +BBKKyV,v, +BKKyv,,
~B,B,K,K,v,;v,, +B,B,K,K,v;, ~B,B,K,K, vV, -BJK3v;,
+B,B,Kjv,v,, +B;K,K,v,v, —-B,B,K,Kyv,v, +BBK,K,v.v,
~-B,B,K,K,v,,v,;, —BB,K,K,v,v,, +BB,K;v,v,, —B,B,KK,V.v,,
+B,B,K,K,v,v,;, +B;KKyv,v,, —BBKK\v,v,, -B,BKKV,Y,
+B,B,K;v,,v,; +B;K,K,V,v;, —B,B,K,K,v,v,, —B;K;Vv., +B,B,K,K,V,,
-B,B,KK,v,,v,, —-BB,KK,yv,v,, +BBKKyV., +B,BKV,v,
+B,B,K/V,,v,, - B;K}vi, +B,B,K,K,v,,V, +B,B,K,K,v,,V,,
~-B,B,K,K,v,v,;, +B;K,K,v,v,; +B,B,KK,y,v,, —B,BKK,.,
~-B,B,K,K,v,,v,, +B;KK,v.v,, -B,BKK,\v,v, +B,BKK,\v,V,
~-B,B,K,K,v,v,, +B’KKyv.,,, -B,BK,Kyv., +B,BK,K,\V,
+B,B,K;v,v,, — B; K3V, — B,B,K,K,v,,v,, +B,B,K,K,v,v,, + BB,K}v,v,
-B,B,K;K,v,v, +B,B,KK,,v,, -B,BKK,y,, -B,BKK,v,v,,
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+ Bj Kl K3V12V23 + Bz B4 K32V12V14 o Bz B4K3 K4V12V13 o Bs B4 Kz K3V12V14
+ Bsz KsVioVis

=—piclalal  +plcCala,a,  +PpiCCala,a,  + P p,.Ce.alal
- b p4C1C2a12a2054 +p p3C1020(120(2a3 -p p2C2c4a1a22a4 + Py p4C§a1a220£4
+ P, P,C,C 0050, - P, p,C.Ca, o050, - p,p.C.C o,

2 2 2
+ P P:C.C oy a5 + P PsC.C 0 0050, — P PLCC s aa, + PCCG

2.2 2 2 2 2 2 2 2

- PGaa + P GG — P P.C G a0 + P, P;C,Cay s
2

— P, PGy - P, P.CCa a5, - P P.CCa s,

- b p3c3c4ala32a4 + P p4c32ala32a4 + P pchalazaaz — P PG G050,
- P p3C2C3a1a2a32 + P P.C.Ca s, + PiCCala,a, + pfc3c4a12a3a4
- piciala; — PP, G,y Y p3C1C4a12a3a4 + P, PiCCie )
+ P PGy, — Py P,CLC 050, + Py p3cfala3aj - P p4c3c4ala3af
— P P.CC o a5 + P, PCr + P PsCCax 0,y
- pP.CC ;P pZCZC3a10(220(3 - b pchazaszoh + P p2C3C40(20530£f
+ b pcha,azaf + b p2C3C4a,a22a4 - pyclala; + P, p4c12a12a2a3
+ P, piCiala,ay  + ppCCala;  — PPCCaiaa,  — PP.CCa
+ P2CC,an 2y e, — Py P4CIC,o Q5 ety — Py PSCC,aL 0052, + Py P3CCia
+ p2201030£10(22053 - P p3clczala22a3 + P, PG G a3, — P, PG G050,
- b p20203a106220!3 — P PG Gz, + Py DZC320!10!20!32 — P PG G050,
+ p22C1C405105220(3 - P, PG50, — P, p3CIC3(X1(Z320!4 + P, P CGa a5y
-pCiaya;  + P PG ey, — P PCCa,aia,  +D,PCaasa,
- P P.C,Ca a5y — P P.CC 005050, — P P.CC 005050,
+ P pzcjalazaj + pfclc4a1a§a4 - P, PG50, + P, PC G5,

2 2 2 22 2 2 2
- p,p,CCa iy, + PG G, - PG, - P, PG G an,,
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+ P, P.CCaa;  + P, paciazaﬁd - P, p4C3C40{2053af — P PsC G s
+ P p3C]C30{]20{32 Y p3C1C40£120{30(4 + P, p3C12a120(20{3 - p32(3120‘12a'32
+pP; p4c12a12a3a4 — P, PG Gy, + Ps PCCa 00, + p§C1C4a1a32a4
—Ps p4C1C30£1a32a4 + D, p3clc3ala2a32 - PP Ca oz, + p32C1C20(10{2a32
- PsPCC a0, + 1y p30220610(220(3 - P PG Gy aza, — Py p3(:2('\'30[10520‘32
+ P P:CC a0, — D, p3clclala22a3 T P; PC G050, + pszclczo{lazo%2
- PspCC i, D, p30203a22a32 - P, p302C4a220£30{4 - p32C22a22Q32
+Ps p4C22a22a30{4 + p320204a2a32a4 —Ps p4CZC30{20(32a4 + P PG G50,
— P PG Gz, — Py p3C3C40(10(32064 + P p3C§0(10(30£f — P, P:C G050,

2 2 2 2
+ P, P:CC x4, +PCCxa;e, — P;P,CCa 0, — P,PCCa05a,

2 2 2 2 2 2.2 2 2

+ P, PGy PG e, — P PCCayasa, - PG ay

2 2 2 2 2 2

P PCC oy — PPC G, — PPCCa sy + PPCCa
2 2 2 2 2.2 2 2

tPRCar e, + PP G, - PGy, + P, PC G,

+ Py PLCC o a,a,a, — Py P,CC,aa,a; + PiCCa,a,a. + P, P,CCaa,asa,
- p,pCCama; — P, p4C1C20{]0£2aj + pjclc2a,a2a3a4 - P, PGz,
+ Py PG, o, — PRGN e, + PiCC,aoa; — PP,
+ P PG aasa, + D p4C32a2a32a4 - b p4C3C4a10£30(f - P p4C2030(22a3a4
Y N N RN AE HOT A TR N KA A
- P PG G, — PiPCCa T, + PiCCaasa; +P,PCaasa,
— P2 PCiC, 00 — P3P,C,Ci a5 0 + PIC,C a0

= (- plc? - pic? - pic’ +2p, p.ec, o

(+2p2e,c, — 2P, PoC,y + Py P.CE +2P,PiCE e

(_ p32(:12 +2 P: P;C,C; )%20(32

(+ PIC.Cy + P2CICy = 2P P,CiCy — P PLCC, + P, PCY )a12a2a4
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("‘ 2 p1 p4C C, )0‘ a; (_ p3zcz2 - p§C32 + P, P5C,C; )0‘220‘32

( - pzc +2p,p,C,C, )az a4 (+ P; P4C;C, — p:fci )(1320‘3

+ (3 P, p3c C, — 7P, P,C,C, — 2P, PsCC, + 2P, P,C,Cy +3 P, P,C.C, )y,

(+2p2e,c, —2p,PiCC, —2PiPLCC, +2P, P,

(+ 2 pl p2 3 - 2 pl p3C2C3 + pl p2C3 + p2 p3C1C3 + 2 p3 CICZ )ala2a32

(+ 2 pl p2C2 - p1 p4C2C4 -2 pz p4ClC4 -2 p3 p4ClC2 + piClCZ )alazaj

(2P, D,C,C, = B PACAC, + PrDLCE + Py PACiC, — 2P, PG, + 2 P3C,C, — Py PLC:Gs e,
(

2 2 2 2
+pP p3C2C3 -2 P pzczcs + p2C1C3 -2 P, p3C1C2 + P,CC, + P, p3C2C3 + P p3C2 )‘Xlaz a;

(-2, PAGE, ~ 2P P, + PyPCS = PG + 2B3C Jnaa,

(+ 2p, p3 —2p,P,CsC, —2p;p,CC, + piCICS + p32C1C3 )CZICZS(Zj

(+2p, P63 +2PIC,C, 2P, P,C,C, — 2P, P.CC, + P PG — P P.CE Jctia,

(+ PuPCC, +2D:PiC) — 2P, PCLC, = Py PCC, + PICC: Jssar)

(+ pZZC3C4 -2 P, PsC,Cy + 2 P p4C22 — P2 P4C0 )azza3a4~ (14)
We use P, = p; and P, = P, where pair of prices are same, and C, =C, and

C, =C, , where pair of coupon numbers are same, and every term contains

PiP,CC, . e we use P’ =p; =p;=p;=pPp, and ¢ =C; =C; =C; =C,C,.

where the terms contain square, then (14) becomes;

|H| =-3 P, P.CC, — 5 P P.CC, — P P,CC, — 2 P, P.CC, — 2 P, P.CC, — 2 P, P,C,C,

-2 PiPCC, — 2 PiPCC, — 2 PiPCC, — 2 PiPCC, — 2 PiPCC, — 2 P P,CC,

—PiPCC, — 2 P;P,CC, — 2 PiP.CC, —PPCC, — 2 PiPCC, — 2 P; P,C,C,

—PP.CC, = PPGC, = PP,CC, -2 Pi P,C,C, -2 P: P,C,C, _Zpl P.C,C,

_2p1 P,C,C, _Zp] PG, = PiPCC,  —PiPCC,  —PP.GC, — PP,CC,

— PiP.CC, — P P,CC, — PPCC, — P P,CC, — P P.GC, — P P,CC, — P P,CC,

—PP,CC, +2PP,CC, +2PP,CC, +2PP,CC, +3PP,CC, +2PP,CC,
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+2P,P,CC,  +PyPCC,  +PP,CC,  +2PP,CC,  +PP,CC,  + PPCC,
+PP,CC, +2PP,CC, +PP,CC, +2PPCC, +PP.CC, +2PPCC,
+2PP,CC, +PPCC, +2PPCC, +2PP,CC, +PP,CC, +PPCC,
+2PP,CC,  +PPCC, +PPCC, +PPCC, +PPCC +2PP.CC,
+2PP,CC, +PP,CC, +PP,CC, +2PP,CC, +2PP.CC, +PPCC,
+2P,p,C,C, + P P,CC, +2P,P,CC,.

|H| =—02p,P,C,C, +60p,p,C,C, =—2P,P,C,C, <0. (15)

Since the LaGrange function contains two constraints, and we have operated the
6x6 bordered Hessian with four variables; therefore, for utility maximization
Hessian needs to be negative. From (15) we observe that Hessian is negative, i.e.,

IH|<0 , and therefore utility V(ey,a,, a5, 0,4, 4,) obtained in (4) is

maximized.

6. Conclusions

In this study we have tried to verify the utility maximization policy of an
emerging firm. We have used two constraints: budget constraint and coupon
constraint; and consequently, we have applied two Lagrange multipliers during the
mathematical calculations of optimization. We have operated the research analysis
with four commodity variables and applied the determinant of bordered Hessian
matrix. In one stage, we face difficulties working with four commodity variables.
Then for simplicity we have considered two commodities equal to unity. Later, we
measured all commodities are of unit amount, and prices of two commodities are
same, and two types of coupon numbers are same. Throughout the study we have
tried to introduce mathematical calculations in some detail. We hope future
researchers will try to solve the optimization problem more efficiently, and they
will develop their models more fruitfully.
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	Abstract: 
	In this paper, the method of Lagrange multipliers is used to investigate the utility function; subject to two constraints: budget constraint, and coupon constraint, and to verify that the utility is maximized. An economic model of an emerging firm has been developed here by considering four commodity variables. In the study, the determinant of the 6×6 bordered Hessian matrix is operated to verify the utility maximization. Two LaGrange multipliers are used here, as devices of optimization procedures, during the mathematical calculation. In this article, an attempt has been taken to achieve optimal results by the application of scientific methods of optimization. 
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	1. Introduction
	At present mathematical modeling in economics is an essential part; especially during the investigation of optimization policy [Samuelson, 1947; Carter, 2001]. The concept of utility was developed in the late 18th century by the English moral philosopher Jeremy Bentham (1748-1832) and English philosopher John Stuart Mill (1806-1873) [Bentham, 1780; Gauthier, 1975; Read, 2004]. The property of a commodity that enables us to satisfy human wants is called utility [Bentham, 1780; Mohajan & Mohajan, 2022a, b]. Individuals seek to obtain the highest level of satisfaction from their purchasing goods [Stigler, 1950; Kirsh, 2017]. In society, utility directly influences the demand and supply of the firms [Fishburn, 1970]. 
	In multivariate calculus, Lagrange multipliers method is a very useful and powerful technique, which transforms a constrained problem to a higher dimensional unconstrained problem [Islam et al., 2009a, b, Mohajan, 2021 b,c]. To increase the utility of the consumers we have included a coupon system among the consumers. The individuals in the society can buy coupons with a stipulated price and buy the essential commodities on priority basis [Islam et al., 2010, 2011; Moscati, 2013; Mohajan & Mohajan, 2022b]. In society, utility maximization is a blessing both for humankind and the firm; as it provides maximum profit to the firms and in parallel increases welfare of the society [Eaton & Lipsey, 1975]. 
	In this study, we have included four commodity variables to analyze the optimization techniques. We have operated the study with the determinant of 6×6 Hessian matrix, where four commodity variables, their corresponding four price vectors and four types of coupon number system are applied. In the analysis we have considered two commodities are of unit amount, and later we have considered four commodities are of unit amount. Finally, we have considered that prices and number of coupons of a pair of commodities are same, and ultimately we have proved that utility is maximized [Mohajan, 2021a].
	2. Literature Review
	Two American economists John V. Baxley and John C. Moorhouse have discussed the utility maximization method through the mathematical formulation, where they have introduced an explicit example of optimization [Baxley & Moorhouse, 1984]. Qi Zhao and his coauthors have proposed multi-product utility maximization as a general approach to the recommendation driven by economic principles [Zhao et al., 2017].
	Pahlaj Moolio and his coauthors have used a Lagrange multiplier to form and improve economic models. They have also taken attempts to develop and solve optimization problems [Moolio et al., 2009]. Well-known mathematician Jamal Nazrul Islam and his coauthors have discussed utility maximization and other optimization problems by considering reasonable interpretation of the Lagrange multipliers. In their studies they have examined the behavior of the firm/organizations by analyzing comparative static results [Islam et al., 2009a, b, 2010, 2011]. Lia Roy and her coworkers have discussed cost minimization policy of an industry with detailed mathematical formulation [Roy et al., 2021]. 
	Two authors Jannatul Ferdous and Haradhan Kumar Mohajan have tried to calculate a profit maximization problem from sale items of an industry [Ferdous & Mohajan, 2022]. Devajit Mohajan and Haradhan Kumar Mohajan have consulted on profit maximization problem. They have used four variable inputs, such as capital, labor, principal raw materials, and other inputs in an industry [Mohajan & Mohajan, 2022a]. They have also discussed the utility maximization of an organization by considering two constraints: budget constraint and coupon constraint [Mohajan & Mohajan, 2022b].
	Earlier, Haradhan Kumar Mohajan has used three inputs, such as capital, labor and other inputs for the sustainable production of a factory of Bangladesh [Mohajan, 2021b]. He also discussed the utility maximization of Bangladeshi consumers, where he has followed the optimization techniques [Mohajan, 2021a]. He and his coauthors have scrutinized optimization problems for social welfare [Mohajan et al., 2013]. 
	3. Methodology of the Study
	Methodology in any creative research is organized and meaningful procedural works that follow scientific methods efficiently [Kothari, 2008]. In this study, we have considered two Lagrange multipliers  and ; and have applied the determinant of 6×6 Hessian matrix [Mohajan, 2022a, b]. In this study, we have considered an economic world where there are only four commodities. We started our study with a 4-dimensional constrained problem, and later we added two Lagrange multipliers. Then the Lagrangian function becomes a 6-dimensional unconstrained problem that maximizes utility function [Mohajan, 2017a, 2022b].
	To prepare this paper, we have followed both qualitative and quantitative research approaches [Mohajan, 2018, 2020]. We have tried our best to maintain the reliability and validity, and also have tried to cite references properly both in the text and reference list [Mohajan, 2017b, 2020]. In this paper, we have depended on the secondary data sources for optimization. We have taken help from the published journal articles, printed books of famous authors, conference papers, internet, websites, etc. [Mohajan, 2018, 2022c].
	4. Objective of the Study
	The core objective of this study is to verify the utility maximization policy of an emerging firm. The other trivial objectives are as follows:
	 to expand the determinant of bordered Hessian matrix properly, and 
	 to provide mathematical calculations accurately. 
	5. An Economic Model
	We consider four commodities of a firm as: , , , and  [Mohajan & Mohajan, 2022b]. Let a consumer wants to buy only , , , and  amounts from these four commodities. In this model, we consider that the consumer spends all of his/her income to purchase these four commodities, and also submits all of his/her coupons. Let us consider a utility function as follows [Islam et al., 2010; Mohajan & Mohajan, 2022b]: 
	.    (1)
	The budget constraint of the consumer is [Moolio et al., 2009], 
	   (2)
	where ,,, and  are the prices (in dollars) of per unit of commodity of , , , and , respectively. Now the coupon constraint is [Roy et al., 2021; Ferdous & Mohajan, 2022],
	    (3)
	where , , , and  are the coupons necessary to buy a unit of commodity of , , , and , respectively.
	Using utility function from (2) and (3) in (1) we get Lagrangian function [Mohajan & Mohajan, 2022b], 
	   (4)
	where  and  Lagrangian multipliers. Lagrangian function (4) is                                a 6-dimensional unconstrained problem that maximizes utility function. Using the necessary conditions of multivariate calculus for maximization in equation (4) we yield [Islam et al., 2011; Mohajan, 2021a];
	,                       (5a)
	,                             (5b)
	,                                        (5c)
	,                                        (5d)
	, and                              (5e)
	.                                        (5f)
	Using equations (1) to (5a-f) we can express , , , and  as follows [Mohajan & Mohajan, 2022b]: 
	                 (6)
	      (7)
	where .
	For the simplicity let, , i.e., these commodities have one unit each; the amount of other two commodities can be accounted as;
	 ,                                  (8)
	.                             (9)
	Since  and  are number of commodities, so that they are of course positive. Equation (6) indicates that , if  and . On the other hand, equation (7) indicates that , if  and .
	Multiplying (8) and (9) we get;
	.                       (10)
	Since  and  are positive, and their product  is also positive. Equation (10) indicates that and . Equations (8) to (10) show that  and  in our economic model for , , and .
	        Now taking second order and cross-partial derivatives in (5a-f) we obtain;
	, , , .
	, , , .                                   (11)
	, , , 
	, , , 
	, , , .      (12)
	Now we consider the bordered Hessian [Roy et al., 2021; Mohajan & Mohajan, 2022a],
	.  (13)
	      In our model, the number of constraints is two and commodity variables are four. For utility to be maximized, the determinant of the 6×6 Hssian matrix must be negative, i.e., . Now taking the expansion of (13) we get [Islam et al., 2010; Mohajan & Mohajan, 2022a],
	.              (14)
	        We use  and  where pair of prices are same, and  and , where pair of coupon numbers are same, and every term contains , i.e. we use  and , where the terms contain square, then (14) becomes; 
	.
	.              (15)
	Since the LaGrange function contains two constraints, and we have operated the 6×6 bordered Hessian with four variables; therefore, for utility maximization Hessian needs to be negative. From (15) we observe that Hessian is negative, i.e., , and therefore utility  obtained in (4) is maximized.
	6. Conclusions 
	In this study we have tried to verify the utility maximization policy of an emerging firm. We have used two constraints: budget constraint and coupon constraint; and consequently, we have applied two Lagrange multipliers during the mathematical calculations of optimization. We have operated the research analysis with four commodity variables and applied the determinant of bordered Hessian matrix. In one stage, we face difficulties working with four commodity variables. Then for simplicity we have considered two commodities equal to unity. Later, we measured all commodities are of unit amount, and prices of two commodities are same, and two types of coupon numbers are same. Throughout the study we have tried to introduce mathematical calculations in some detail. We hope future researchers will try to solve the optimization problem more efficiently, and they will develop their models more fruitfully. 
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